Appendix A

Answers and Hints to
Selected Exercises

Introduction

1. Prove first that (for A, B € R™) tr (AB) = tr (BA).
2. Use the (fundamental) property : det (AB) = det (A) - det (B).
3. The following facts are needed :
(1) rank (A) = rank (AT).
(2) rank (A) + dimker(A) = n.
(3) rank (AB) = rank (B) — dimker(A) Nim (B).
(4) UCV = dim(U) < dim(V) (as vector spaces).

We have (3) = rank(AB) < rank(B); (1),(3) = rank(AB) < rank (4);
(4),(2) = dimker(A4) Nim (B) < n — rank (A).

4. Apply the matrix (linear transformation) (A — Aol )(A — A3l,) - (A= A1)
to the equation (trivial linear combination) «jw; + asws + - -+ @,w, =0 and
hence obtain a7 = 0, etc.

5. Express the characteristic polynomial of A in two different ways : chary(\) =
A=A A=X2) - (A=An) = A"— (A1 Ao+ A ) A" e (1) A Ao -+ Ay
but also chara()\) = det(A,, — A) = A" —tr (A)A"" 1 + ...+ (=1)" det(A).

6. Observe that

k>0

Ak:
|

1
<> Al

k>0

k!

and then use the comparison test (for numerical series).

7. Induction : (S’lAS)n =5-14"¢S.
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Uy ... Unp,

. UUT = ULUQ * - " Uy,

uy ... Unp,

. Apply the matrix (linear transformation) A" to the equation cob+c1 Ab+---+
¢, A"b = 0 and deduce that ¢y = 0, etc.

. Straightforward computation : rank (AT A) = rank (A) = rank (4A4T) = 2.
. (a) )\2—4)\—5; )\1:—1; )\2:5

E; = E), =span { {21] } and Ej = E), = span { [ﬂ } .

(b) A+1D)(A=2); A =-1A =2

Elzspan{ﬁ } and Eg:span{ (1)}}

(C) )\2 - )\, )\1 = 0, )\2 = 1.

FE, = span { [_11 } and Fs = span { _21} } .

(d) A2 —4N+8; Ao=2+2i

s ([ 1) e (2] )

() AN —(a+bX+ab; A\ =a; =0

o= {[ 1]} w52 [}

() AAZ=BA+4); A =0\ =1; \3 = 4.

S | I | R

() A=1)3 M=X=X=1

e B}

(h) )\2()\—3), )\1 :)\2:07 )\3:3

I ]
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12.
13.

14.
15.

17.

18.

19.

20.

22.

23.

24.

(1) ()\ - 6)()\2 - 6)\ - 16), )\1 = —2; )\2 - 67 )\3 =8.

coo{i} () = = ()

() A2 —(2cos0)A+1; A2 =cosf +isind.

) R A I e

A is an eigenvalue of A if and only if A — p is an eigenvalue of A — pul,, etc.

(a) Observe that (A, — A)T = A, — AT. (b) From A, — S7'AS =
S=YAIL, — A)S derive that det (A, — STtAS) = det (A, — A).

(b) Yes. (b) Yes. (c) Yes. (d) Yes.
(a) Show that g(x) = —q(z) for all z € R, (b) Ay =3 (A+ AT), etc.

t

(a) exp(tA) = { ]; exp (1B) = [% ‘1)] exp (H(A + B)) = [%t etl‘l}.

t2

at at 1t
(a) exp(tA) [ ] exp (tA) = [60 biit]. () |0 1 ¢t
0 0 1
1 0 O
and 2t 1 0
3t+4t* 4t 1
e 0 1t cost sint et tet
(&) {0 e2t]' (b) [0 1}' (c) [—sint cost]' (@) [o et]'
2 20 0
L] 4 e2t) L(g2t _q 1 &t t+5 e d
@ [ o o e fooer ol
2 2 00 1 0 0 €
FFTTTTEFT.

Linear Dynamical Systems

Let a := (k+1 - Show that 0 < aj < agy1 (for k > o — 2) and then use the
fact that every bounded non-increasing sequence of numbers is convergent.

Let Y(-) be the unique solution of the Cauchy problem (in matrices) :
Y = -YA(t), Y(0)=1I,.

Then Y (t) - X(¢t) = I,, (for all t), etc.

Straightforward computation.
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25. There is no (linear) transformation w = Tz such that TAT-! = C and

n- [

26.

(@) zi(t) = (—21(0) +22(0))e™ + (221(0) — w2(0))e "
wa(t) = 2(=x1(0) +22(0))e ™" + (221(0) — 22(0))e~*".

1 t 1 3t

B) @) = S@i0)+aa(0)e + 5 (0) = ra(0))e
walt) = 5 @a(0) + w(0)et — L (1(0) — a2(0))e

1 L1 .

(@ @i(t) = 5(@1(0) —22(0))e™ + 5 (21(0) + 22(0))e
malt) = —5(@(0) ~m(0)e + (0 (0) + wA(0))e”.

(d) z(t) = (—xg(O)—i-%xg(O))et+2(x1(0)+x2(0))62t—(x1(0)+x2(0)+%x3(0))e3t
mat) = —(@a0) + gas(0)e! — (1(0) + 2(0))e” + (21(0) + 2(0) + 57s(0))e™
z3(t) = —2(z1(0) + 22(0))e* + 2(z1(0) + 22(0) + %J;g(O))egt.

(e) a1(t) = —(22(0) + x5(0))e’ + (21(0) + z2(0) + x3(0))e*
walt) = %(@(0)—x3(0))e*f+%(x2(0)+x3(0))ef
z3(t) = —*(xz(o)—ws(o))e_hr%( (0) + x3(0))e’
27. (a) Z; = {:; ﬂ Zy = ; :ﬂ,etc. (b) 2y = E %] Zy =

[; ﬂ, ete. (c) Zy = [% 5], Zy = E ﬂ,etc. ?d) . (e)

10 1] e [ cos(vBt)  VEsin(y@i)
T w O]’ (t,0) = exp (t4) = [\/zjsin(\/(jt) cos(y/wt) }
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29. char(A\) = A(A—a1 +a4) = A\ =0 and A2 = a1 — ay. We assume that
a1 # aq.

- (o) )
(
(

Sor (—0a71(0) + a22(0) + (@121 (0) — a2x2(0))e(“1—“4)t)]

— a1 —aq

(—asz1(0) + ar22(0) + (a3x1(0)—-a4m2(0)y4a17a4ﬁ)

a1 —aq

30.
o(t,0) = 6%24%“@
B 4672t+365t) %( 72t+465t)
- % —3e~ 2t+3€5t) %(3 72t+465t)
t
o) = B(t0) [x0+ / (0, 7) H u(T)dT}.
0
31.

O(t,0) = e 27 +e 2
B {_46—% 492t —e2t 4 e—t)]
- 2e72 —2e7t 27 _e7)|”
1-e?2 e—1
et T2

32. Existence : simple verification. Uniqueness : let W be a solution; consider the
product exp (—tA) W exp (—tB) and differentiate, etc.

¢ ¢
33. exp (tA) = [% 2;6 ]

34. Take A = (Cl b andX:{

1 T2
d T3 T4

xox3 and differentiate, etc.

} Then consider det (X (t)) = z1x4 —

36. Loxp (B(t) = 4 (I, + B(t) + Z0 The solution i
. mexp(B(t) = 5 (In + B(t) + =5~ + -+ ). The solution is unique.

38.
1(9=3t | ,t -3t _ t
537 +e) et —e
‘I)(t,()) - |:?1(GStet) %(673t+et)
e e T
x(t) = @(,0)| L 2 5|, etc
20T 1T
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39.

40.

41.

42.

43.

44.
45.

46.

47.

48.

49.

50.

2 5 2
_ 3 T3 3
(a) T =1 31,TAT—1=O ! by T = |-1 -2 1};
2|5 -1 —6 -5
-1 -2 2
0 1 0
TAT'=10 0 1
6 —11 6
L L5 5 00 -2
P=|0 ; O|;E=P'AP=|1 0 9
0 0 3 01 0

Linear Control Systems

oo 1— —(s—a)R 1
/ e . e dt = lim c = (for s > a).
o R—o0 s—a s—a

The matrix(-valued mapping) ®(t,0) = exp (tA) is completely determined by
the conditions : (1) ®(¢,0) = A®(¢,0) and (2) @(0,0) = I,,.

Show first that C (A, B) = PC(A,B) and O (A,C) = O (A,C) P~
~ SN .

c (sln - A) B=C(sl, - A" B.

rank (AB) < n and rank (A) + rank (B) — n < rank (AB).

rank [B AB] =2.

b€ span {H}uSpan {H }

1(678t+2672t) %(7678t+672t)
€Xp (tA) = E}( eS8t 4o 2t) %(2678t+62t) ;
1 1
1) -2 = §/o (=% 4+ 4627)(Cy + Coe ") dr
1 1
@ -3 = ; / (265 + 4627 (Cy + Coe™27) dr.
0

(1) a=10o0or a=12. (2) a=0o0or o« =1 For vy =0 : & =
[2 ag]x—k{gl ]ug.a:Oorazl.
a® —

0 2

* - 10 -1 el —1
w0 = e s ooy [l where 0.0 = [T
etc.

Verification.
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51. W(t) =exp ((t —t1)A) - C -exp ((t — t1)AT), ete.
52. The system is completely observable.
53. 2(0) = [3}
-1
54. rankO =1 < 2.

2(t) = exp(tA)z(0)
_ [—e2t+2et et Hxl(o)}

2(6_2t _ e—t) 26—215 _ e—t

55. Use the fact that

d
(r1) = ZO(r.1) = —(r, ) A(t)
56.
1 3 1
K = kT=1[1 _4}{5 _1]
= [11 -5]
57.
K = kT=[-11 4 9T

1
-3 [—61 129 88].

1 11
58. )\1:2,)\2:1,/\3:3.W:[2 1 3]./1,1:1,)\2:17)\3:3 (p
4 1 9

K = fgWw
~1
= {_1}1[—3 4 1]
3 -4 1
{3 —4 1]'
—-1+a O 3+0
59. A+ bK = «@ -3 I6] a=p
l-a 0 —(8+3)

60. Take X! = {
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61.

62.

63.

65.

66.
67.

68.

69.
70.
71.

72.

73.

74.
75.

76.

_ 10
2 0 0 5, 2 11 1
A=|0 -1 ol.B=|-3 —2|.Cc=|, | _|
0 0 1 o
rank (K1) = 1 and rank (K5) = 2. The order of the minimal realization is

14+2=23.
C (sl — A)"" B =Ci (I, — A1) B1Cs (s, — A) ™' Ba.
bih=2b=-lLa=4c=L P:5[12 26]'

Stability

Sketch the graph of f.

lexp (tA)|| < ||eM*Z1+ -+ e Z, || < < e (|20 4+ -+ 1 Zal])
where a = min{—Re()\1),...,—Re(A,)}.
The new state equations are :

.i’l = —23?1.%‘2 — 4.232

Ty = 51?14—1311‘2.

(a) Yes. (b) No. (¢) No.
k<2

0< k<2 u:—%xl—xg—%mg,

&= A(t)r = Fo—449+3x2 = 0. The linear system y = [ 0 has solution

1
-3 4
y(t) = (e'Zy 4 3 Z5)y(0)
§(3et —e3t) ) 3(ef + %) y1(0) .
S(et +—e)  S(—e' +3e*)] |y2(0)
2o(t) = y1(t) = ae’ + be3! and |xo(t)| — oo (as t — o).
= %, b= %, c=1 and d = 1. The origon is asymptotically stable.
V = —2(z1—22)% —2(x14+232)2(1—23) < 0 for |zg| < 1. 5a3+2z29+223 < 2.

The origin is unstable.

P=4 {131 _41] . The origin is asymptotically stable.
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77

78.

79.

80.

81.

83.

84.

85.
86.
87.
88.
89.
90.

o —CHlime o W(t) = A [ W(r)dr + (f,° W(r)dr) B, etc.

The state equations are 7 = o and To = —asxr1 — a1Ts.

V = 2"Px=azx?+2bxi20 +cxd =

vV o= f2ba2xf + 26:17% — Zalcxg + 2(a — bay — cag)xixs, ete.

The origin is asymptotically stable. k € (i, 4).

The linearized system is & = H 23} 2. The origin is unstable.
. . . -1 1 T ,
(a) The linearized system is & = 0 _3|% The origin is asymptotically

stable. (b) The origin is asympttotically stable.

For u(t) =0, t > 0, the solution is
z(t) = ®(t,0)x
= tSiOS =0 (ast— 00).

When wu(-) is the unit step function, we have (for ¢t > 1)

x(t)

d(t,0) [mo + /Ot ®(0,7) dT}

L oo
= (t? 4+ 6t +329) — 0o (ast — o0).

t+3
(=2, —2). The transformed state equations are
T1 = —I1+ 2o
j)g = 3$1 — X9 —x%.

The linearized system has roots Ai, Ay such that A\; < 0 < As.
1 <k<b.

(a) Neutrally stable. (b) Unstable.

227 + 23 < 6.

2%+ 323 < &

(b) The origin is asymptotically stable.

(a) The system is stabilizable but not detectable. (b) The system is de-
tectable but not stabilizable.
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91.
93.

94.
97.

98.
99.

100.

Optimal Control

Induction.

u* = —1p* and p* = Cre¥, etc.

Py = _Clg + Cat + C5 (a parabola), etc.

u* = —1p}. p3(t) = cre sinh(v2t 4 ¢z). (Observe that sinh(o + ) = sinha -
cosh 8 + sinh 3 - cosh «; hence a sinh v + b cosha = A sinh(a + C)).

u*(t) = —R71BT Px(t) = —10(ax; + bzs), where a ~ 0.171 and b ~ 0.316.

. 3ett4et

(a) u*:764t+364 z1. (b) w = 1 1.



