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o O o

Intuitively, a control system should be designed so that the input u(-) “controls” all
the states; and also so that all states can be “observed” from the output y(-). The

concepts of (complete) controllability and observability formalize these ideas.
Another two fundamental concepts of control theory — feedback and realization —
are introduced. Using (linear) feedback it is possible to exert a considerable influence

on the behaviour of a (linear) control system.

o O o
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3.1 Controllability

An essential first step in dealing with many control problems is to determine
whether a desired objective can be achieved by manipulating the chosen control
variables. If not, then either the objective will have to be modified or control
will have to be applied in some different fashion.

We shall discuss the general property of being able to transfer (or steer) a
control system from any given state to any other by means of a suitable choice

of control functions.

3.1.1 DEFINITION.  The linear control system % defined by
&= A(t)xr + B(t)u(t) (3.1)

where A(t) € R™*™ and B(t) € R™**, is said to be completely control-
lable (c.c.) if for any ¢¢, any initial state x(t9) = xo, and any given final state

s, there exist a finite time #; > ¢y and a control u : [to,#1] — R’ such that

x(t1) = .

NoOTE : (1) The qualifying term “completely” implies that the definition holds for

all xy and xy, and several other types of controllability can be defined.
(2) The control u(-) is assumed piecewise-continuous in the interval [tg,t1].
3.1.2 ExaMPLE.  Consider the control system described by

T1 = a1x1 + asxrs + u(t)

fi]Q = ZX9.
Clearly, by inspection, this is not completely controllable (c.c.) since u(-) has

no influence on x9, which is entirely determined by the second equation and

i) (to).
We have

2 = Db, to) [:co + /ttl (1o, ) B(r)u(r) dr

0
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or
t1

0= @(tl,to) o — (I)(to, tl)fL‘f +/t (I)(th T)B(T)U(T) dr|.

Since ®(t1,tp) is nonsingular it follows that if u(-) transfers x¢ to xy, it also
transfers xo—®(to,t1)xs to the origin in the same time interval. Since zp and
xy are arbitrary, it therefore follows that — in the controllability definition —

the given final state can be taken to be the zero vector without loss of generality.

NOTE : For time-invariant control systems — in the controllability definition — the

wiatial time to can be set equal to zero.
The Kalman rank condition

For linear time-invariant control systems a general algebraic criterion (for

complete controllability) can be derived.
3.1.3 THEOREM. The linear time-invariant control system
& = Az + Bu(t) (3.2)

(or the pair (A, B) ) is c.c. if and only if the (Kalman) controllability

matrix

C=C(A,B):=|B AB A2B ... Am1pB|eR™™

has rank m.

PrROOF : (=) We suppose the system is c.c. and wish to prove that
rank (C) = m. This is done by assuming rank (C) < m, which leads to a
contradiction.

Then there exists a constant row m-vector ¢ # 0 such that
gB=0, gAB=0, ..., gA™'B=0.

In the expression

x(t) = exp(tA) [ﬂso —I—/O exp(—7A)Bu(r)dr
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for the solution of (3.2) subject to x(0) = zg, set t =t1, x(t1) = 0 to obtain

(since exp(t1A) is nonsingular)

t1
—xoz/ exp(—7A)Bu(T)dr.
0

Now, exp(—7A) can be expressed as some polynomial r(A4) in A having

degree at most m — 1, so we get
t1
—x0 = / (roLm + 1A+ +1rm 1A 1) Bu(r) dr.
0
Multiplying this relation on the left by ¢ gives
qro = 0.

Since the system is c.c., this must hold for any vector g, which implies ¢ = 0,
contradiction.
(<) We asume rank (C) = m, and wish to show that for any zo there is

a function w : [0,#;] — R’ which when substituted into

2(t) = exp(tA) [xo + /0 exp(—7A) Bu(r) dr (3.3)

produces
x (tl ) =0.

Consider the symmetric matrix
t1
W, := / exp(—7A)BBT exp(—1AT) dr.
0

One can show that W, is nonsingular. Indeed, consider the quadratic form

associated to W,

W = [ w(r () dr
0

t1
- /0 [ dr > 0

where a € R™*! is an arbitrary column vector and (7) : = al exp (—74)B.

It is clear that W, is positive semi-definite, and will be singular only if there
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exists an & # 0 such that a’W.a = 0. However, in this case, it follows (using

the properties of the norm) that ¢ (7) =0, 0 <7 <t;. Hence, we have

7_2 7_3
aT(Im—TA+2'A2—3'A3+---)B:O, 0<7<t

from which it follows that
a’'B=0, a'AB=0, a'A’B=0,

This implies that @’C = 0. Since by assumption C has rank m, it follows
that such a nonzero vector & cannot exist, so W, is nonsingular.

Now, if we choose as the control vector
u(t) = =BT exp(—tATYW 1z, t€[0,t]

then substitution into (3.3) gives

t1

xz(t1) = exp(t14) {ajo —/ exp(—7A)BBT exp(—1AT) dr - (W, )
0
= exp(t1A) [zo — WCWC_IJJ()] =0

as required. O

3.1.4 COROLLARY.  If rank (B) = r, then the condition in THEOREM 3.1.3

reduces to

rank [B AB ... Am"’B]:m.

PROOF : Define the matrix
Ck::[B AB - AkB], k=0,1,2...

If rank (Cj) = rank (Cj41) it follows that all the columns of A7'B must be
linearly dependent on those of C;. This then implies that all the columns of

AIT2B, AJT3B, ... must also be linearly dependent on those of Cj, so that

rank (C;) = rank (Cj41) = rank (Cj42) = - - -
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Hence the rank of Cj increases by at least one when the index k is increased
by one, until the maximum value of rank (Cy) is attained when k = j. Since
rank (Cp) = rank (B) = r and rank (Cy) < m it follows that 4 j < m, giving

j < m —r as required. O

3.1.5 ExaMPLE.  Consider the linear control system > described by

22 L
[ 2]

The (Kalman) controllability matrix is

c_gos_ |1 2
0 1

which has rank 2, so the control system 3 is c.c.

NOTE : When £ =1, B reduces to a column vector b and THEOREM 2.4.3 can be

restated as : A linear control system in the form
& = Ax + bu(t)
can be transformed into the canonical form
w = Cw + du(t)
if and only if it is c.c.

Controllability criterion

We now give a general criterion for (complete) controllability of control
systems (time-invariant or time-varying) as well as an explicit expression for

a control vector which carry out a required alteration of states.
3.1.6 THEOREM. The linear control system X defined by

&= A(t)z + B(t)u(t)
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1s c.c. if and only if the symmetric matriz, called the controllability Gramian,

Wc(t(),tl) = /tl (I)(to,T)B(T)BT(T)(I)T(to, 7') dr € Rm*m (3.4)

to

18 nonsingular. In this case the control
u*(t) = =BT (1)@ (to, )W, (to, t1) " [wo — ®(to, t1)xy] , t € [to, 1]

transfers x(to) = xo to x(t1) = xy.

PROOF : (<) Sufficiency. If W,(to,t1) is assumed nonsingular, then the
control defined by

u*(t) = =BT (1)®T (tg, t)We(to, t1) " [wo — ®(to, t1)xy] , t € [to, t1]

exists. Now, substitution of the above expression into the solution
t
z(t) = ®(t,10) [a:o +/ O (tg, 7)B(T)u(r) dr
to

of
&= A(t)x + B(t)u(t)

z(ty) = ®(ty, 1) |:$0+/:1@(to,T)B(T)(—BT(T)(I)T(to,T)Wc(to,tl)_l-
[zo — @(to,tl)xf]o) dr]
= ®(t1,to) [0 — Welto, t1)We(to, t1) ™" [wo — ®(to, t1)zy]]
= ®(t1,t0) [wo — w0 + P(to, t1)x ]
= ®(t1,t0)P(to, t1)xs

(=) Necessity. We need to show that if ¥ is c.c., then We(to,t1) is nonsin-

gular. First, notice that if o € R™*! is an arbitrary column vector, then from
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(3.4) since W = We(to,t1) is symmetric we can construct the quadratic form

t1

oIWa = 07 (7,t0)0(7, o) dr
t
'
— [ "leizar =0
to

where 0(7,t9) : = BT (1)®T (tg, 7)a, so that We(to,t1) is positive semi-definite.
Suppose that there exists some @& # 0 such that a’Wa = 0. Then we get

t1 B
[ ar =0
to

which in turn implies (using the properties of the norm) that 6(r,tg) =

(for § =6 when a = a)

0, to <7 <t;. However, by assumption > is c.c. so there exists a control

v(-) making x(t1) =0 if z(tp) = & Hence

&= —/ " B(to, ) B(r)0(r) dr.

t,

o

Therefore

lalz = a"

«
t1
= —/ vT (1)BT (1)@ (to, 7)a dr
¢
.
= —/ v (1)0(7, t0) dT = 0
to
which contradicts the assumption that & # 0. Hence W¢(to,t1) is positive

definite and is therefore nonsingular. a

3.1.7 EXAMPLE.  The control system is
. -2 2
xTr =

1 -1

1
Observe that A =0 is an eigenvalue of A, and b= [ . ] is a corresponding

eigenvector, so the controllability rank condition does not hold. However, A is
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0 1
similar to its companion matrix. Using the matrix T = ) ] computed
—1
before (see EXAMPLE 2.5.1) and w = T'z we have the system

. 0 1 1
w = + u.
0 -3 0
Differentiation of the w; equation and substitution produces a second-order
ODE for w; :

w1 + 3wy = 3u + .

One integration produces a first-order ODE
w1y + 3wy :S/U(T)dT+u

which shows that the action of arbitrary inputs u(-) affects the dynamics in
only a one-dimensional space. The original = equations might lead us to
think that u(-) can fully affect x; and z2, but notice that the wy equation
says that u(-) has no effect on the dynamics of the difference x; — x9 = wo.
Only when the initial condition for w involves ws(0) = 0 can u(-) be used
to control a trajectory. That is, the inputs completely control only the states

that lie in the subspace
1
span [ b Ab | = span {b} = span [ ) ] .

Solutions starting with z;(0) = z2(0) satisfy

21(8) = 2a(t) = /O w(r) dr + 21(0).

One can steer along the line 3 = z2 from any initial point to any final point
x1(t1) = z2(t1) at any finite time ¢; by appropriate choice of u(-). On the
other hand, if the initial condition lies off the line x1 = x9, then the difference
wo = x1 — o decays exponentially so there is no chance of steering to an

arbitrarily given final state in finite time.
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NOTE : The control function w*(-) which transfers the system from zo = x(t¢)
to x5 = x(t1) requires calculation of the state transition matrix ®(-,¢y) and the
controllability Gramian W.(-,79). However, this is not too dificult for linear time-
invariant control systems, although rather tedious. Of course, there will in general be

many other suitable control vectors which achieve the same result.

3.1.8 PROPOSITION.  If wu(-) is any other control taking xo = xz(ty) to

xy =x(t1), then

t1 9 t1 5
/t ()2 dr > / ()2 dr.

0 to

PROOF : Since both u* and u satisfy
t1
xy = ®(t1,10) [a:o —i—/ O(tg, 7)B(T)u(r) dr
to
we obtain after subtraction
t1
0= / O(tog, 7)B(T) [u(T) — u*(71)] dT.
to

Multiplication of this equation on the left by

[0 — ®(to, t1)af]T [Welto, tr) ]

gives
[ @ o) ) ) dr =o
and thus 0
[ weoizar= [ @) et i
Therefore 0 O

t1 t1
0< / l*(r) — u(r)|2dr = / ™ (r) — u(r)]T [ (7) — u(r)] dr

0

= [ U + I I = 2 ()
= [ O = 1w @IR) ar
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and so
h 2 h 2 2 h 2
/ lu(r)||? dr = / (e ()2 + [l (7) — u(m)|]?) dr > / ()2 dr
to to to
as required. O

NOTE : This result can be interpreted as showing that the control
u*(t) = =BT ()@ (to, t)We(to, t1) " [wo — D(to, t1)xy]

is “optimal”, in the sense that it minimizes the integral
tl tl
[ l@ar = [ @)+ e+ ) dr
to tO
over the set of all (admissible) controls which transfer z¢ = z(to) to zy = z(t1), and

this integral can be thought of as a measure of control “energy” involved.
Algebraic equivalence and decomposition of control systems

We now indicate a further aspect of controllability. Let P(-) be a matrix-
valued mapping which is continuous and such that P(t) is nonsingular for all
t > tg. (The continuous maping P : [tp,00) — GL(m,R) is a path in the
general linear group GL (m,R).) Then the system 3 obtained from ¥ by the

transformation

is said to be algebraically equivalent to .

3.1.9 PROPOSITION.  If ®(t,tg) is the state transition matriz for X, then
P(t)®(t, to) P~ (to) = B(t, to)

18 the state tramsition matriz for 3.

PROOF :  We recall that ®(¢,tg) is the unique matrix-valued mapping sat-
isfying

(I)(ta tO) = A(t)q>(tv tO)v (I)(t07 tO) =1,
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and is nonsingular. Clearly,

differentiation of

gives
T = Px+Pi
= (P4 PA)z+ PBu
= (P4 PAP'Z+ PBu.
We need to show that @ is the state transition matrix for
= (P+PA)P'Z+ PBu.
We have
ff)(t,to) = i [P(t)®(t,t0) P (t0)]
(£)2(t, t0) P~ (to) + P( Bb(t, to)P_l(to)
P(t)+ PWAW®) P~ (0)] POR(E )P (t0)

(
(P(t)+P( At) } (t,to).

Il
Tj&\&

[

3.1.10 PROPOSITION.  If 3 is c.c., then so is 3.

PROOF :  The system matrices for S are
A=(P+PAP' and B=PB
so the controllability matrix for S s

Wo— /tlé(tO,T)E(T)ET(T)ciT(tO,T) dr

to

— /ttl P(to)®(to, 7)P~L(1)P(7)B(t)BT () PT (1) (P_l(T))T(I’T(thT)PT(tO) dr

= P(to)We(to, t1)PT (tg).



C.C. Remsing 83

Thus the matrix W = Wc(tg, t1) is nonsingular since the matrices We(to,%1)
and P(ty) each have rank m. O

The following important result on system decomposition then holds :

3.1.11 THEOREM. When the linear control system 3 is time-invariant
then if the controllability matriz C> has rank my < m there exists a con-

trol system, algebraically equivalent to %, having the form

T(g)

y = [01 02]96'

A A
0 A

(1)

u(t)

I(Q) 0

where x(1y and x(3) have orders mi and m—my, respectively, and (A1, B)

1S c.c.

We shall postpone the proof of this until a later section (see the proof of
THEOREM 3.4.5) where an explicit formula for the transformation matrix will

also be given.

NOTE : It is clear that the vector (9 is completely unaffected by the control wu(-).
Thus the state space has been divided into two parts, one being c.c. and the other

uncontrollable.

3.2 Observability

Closely linked to the idea of controllability is that of observability, which in
general terms means that it is possible to determine the state of a system by

measuring only the output.

3.2.1 DEFINITION.  The linear control system (with outputs) ¥ described
by
&= A(t)xr + B(t)u(t)
(3.5)
y=C(t)x
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is said to be completely observable (c.o.) if for any ¢y and any initial state
x(to) = xo, there exists a finite time t; > to such that knowledge of u(-) and

y(-) for t € [to,t1] suffices to determine zp uniquely.

NOTE : There is in fact no loss of generality in assuming w(-) is identically zero

throughout the interval. Indeed, for any input wu : [to, ;] — R’ and initial state zq,

we have .
y(t) — /t Ct)®(t,7)B(r)u(r)dr = C(t)®(¢,t0)xo-
Defining .
36) :=y(0)~ | CORET)B(rIu(r) dr
we get

y(t) = C(t)2(t, to)xo.

Thus a linear control system is c.o. if and only if knowledge of the output y(-) with

zero input on the interval [to,t1] allows the initial state xo to be determined.

3.2.2 ExaMPLE.  Consider the linear control system described by

( 1 =a1x1 + blu(t)

To = asZTo + bg’u,(t)

Yy = .

The first equation shows that z1(-) (= y(-)) is completely determined by
u(-) and x1(tg). Thus it is impossible to determine x2(ty) by measuring the

output, so the system is not completely observable (c.o.).

3.2.3 THEOREM. The linear control system X is c.o. if and only if the

symmetric matriz, called the observability Gramian,

Woy(to,t1) : = /tl (I)T(ﬂ to)CT(T)C(T)CI)(T, to) dT € R"™*™ (3.6)

to

18 nonsingular.
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PROOF : (<) Sufficiency. Assuming u(t) =0, ¢ € [to, t1], we have
y(t) = C() (1, t0)xo -

Multiplying this relation on the left by ®7(¢,t9)C7(t) and integrating pro-
duces .
1
/ T (7,10)CT (7)y(7) dr = Wy(to, t1) 0
t

0

so that if W,(to,¢1) is nonsingular, the initial state is

ro=Walto, )™ [ 70,1007 Yyt dr

to

so X is c.o.
(=) Necessity. We now assume that ¥ is c.o. and prove that W = W,(to, 1)

is nonsingular. First, if o € R™*! is an arbitrary column vector,

cﬂwazlm«xﬂ@nmmfcuw@mmmfzo

0
so Wy(to,t1) is positive semi-definite. Next, suppose there exists an @ # 0

such that afWa = 0. Tt then follows that
C(r)®(1,tp)a=0, to<T1<t.

This implies that when zg = @ the output is identically zero throughout the
time interval, so that xg cannot be determined in this case from the knowledge
of y(-). This contradicts the assumption that ¥ is c.o., hence Wy (to, 1) is

positive definite, and therefore nonsingular. |

NOTE : Since the observability of ¥ is independent of B, we may refer to the
observability of the pair (A,C).

Duality

3.2.4 THEOREM.  The linear control system (with outputs) ¥ defined by

& = A(t)z + B(t)u(t)

y=C(t)x
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1s c.c. if and only if the dual system X° defined by

i=—-AT(t)x + CT(t)u(t)

y= BT (t)zx

s c.0.; and conversely.

PROOF :  We can see that if ®(t,ty) is the state transition matriz for the
system X, then ®T(tg,t) is the state transition matriz for the dual system

¥°. Indeed, differentiate I,, = ®(t,to)®(t,t9)" " to get

d . .
0=—1I, = ®(t t)®(t, tg) " + B(t,t9)D(to, 1)

dt "
= A)D(t, t0)®(t, to) "t + (L, to)P(to, t)

= A(t) + O(t, t0)D(to, t).

This implies

b(to, 1) = —D(to, ) A(t)

T (tg,t) = —AT (£)®T (Lo, 1).

Furthermore, the controllability matrix
t1
WE(tg, 1) = /t ®(to, 7)B(T)BY (1)@ (tg, 7) dr
0
(associated with ¥) is identical to the observability matrix W2*(tg,t1) (asso-
ciated with X°).
Conversely, the observability matrix

WE(to, 1) = / BT (r 1) T (1) C ()7 to) dr

to

(associated with ¥) is identical to the controllability matrix W2" (tg,t1) (as-

sociated with X°). O
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NOTE : This duality theorem is extremely useful, since it enables us to deduce
immediately from a controllability result the corresponding one on observability (and
conversely). For example, to obtain the observability criterion for the time-invariant

case, we simply apply THEOREM 3.1.3 to X° to obtain the following result.

3.2.5 THEOREM. The linear time-invariant control system
& = Az + Bu(t)
(3.7)
y=Cx

(or the pair (A,C)) is c.o. if and only if the (Kalman) observability

matrix

C
CA
O=0(A,0):=| CA? | ¢ Rm*m

cAm-!

has rank m.

3.2.6 ExaMPLE.  Consider the linear control system 3 described by

22 1],
|7 o]

Yy=2xi.

The (Kalman) observability matrix is

0=0%=

10
-2 2

which has rank 2. Thus the control system ¥ is c.o.
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In the single-output case (i.e. n = 1), if u(-) =0 and y(-) is known in
the form

y1eMt  ypet?t 4 gy et

assuming that all the eigenvalues \; of A are distinct, then zy can be ob-

tained more easily than by using

ro=Walto, )™ [ ¥ (5, 10)C7 (o)

to
For suppose that tg = 0 and consider the solution of # = Az in the spectral

form, namely
z(t) = (v12(0)) eMtwy 4 (v22(0)) ewy + - - - + (V2 (0)) M bawyy,.
We have
y(t) = (012(0)) (cwr)e™* + (022(0)) (cw)e® + -+ + (v(0)) (cwn) e
and equating coeflicients of the exponential terms gives

v (0) = CZZ. (i=1,2,...,m).
7

This represents m linear equations for the m unknown components of z(0)

in terms of ~;, v; and w; (i =1,2,...,m).

Again, in the single-output case, C' reduces to a row matriz ¢ and THE-
OREM 3.2.5 can be restated as :
A linear system (with outputs) in the form

T = Ax

Yy =cx
can be transformed into the canonical form

v=Fv

y=fv

if and only if it is c.o.
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Decomposition of control systems

By duality, the result corresponding to THEOREM 3.1.11 is :

3.2.7 THEOREM. When the linear control system % is time-invariant then
if the observability matriz O has rank my < m there exists a control system,

algebraically equivalent to X, having the form

.’13(1) A1 0 .’E(l) I B1 u(t)
.SU(Q) Ay Asg Z(2) Bs
y = Gz

where (1) and (9 have orders my and m —m;y , respectively and (Ay,Ch)

18 C.0.

We close this section with a decomposition result which effectively combines
together THEOREMS 3.1.11 and 3.2.7 to show that a linear time-invariant

control system can split up into four mutually exclusive parts, respectively

e c.c. but unobservable
e c.c. and c.o.
e uncontrollable and unobservable

e c.0. but uncontrollable.

3.2.8 THEOREM. When the linear control system Y is time-invariant it s

algebraically equivalent to

() An A Az A |z By

T (2) _ 0 Ax 0 Ayl |z¢) . Bs ut)
x(g) 0 0 A33 A34 x(g) 0

_i:(4)_ O O O A44_ _.’B(4)_ L |

y = é2x(z)+C4x(4)

where the subscripts refer to the stated classification.
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3.3 Linear Feedback

Consider a linear control system Y defined by
& = Az + Bu(t) (3.8)

where A € R™*™ and B € R™**. Suppose that we apply a (linear) feed-
back, that is each control variable is a linear combination of the state variables,
so that

u(t) = Kx(t)

where K € R*™ is a feedback matrix. The resulting closed loop system is
t=(A+ BK)zx. (3.9)
The pole-shifting theorem

We ask the question whether it is possible to exert some influence on the
behaviour of the closed loop system and, if so, to what extent. A some-
what surprising result, called the SPECTRUM ASSIGNMENT THEOREM, says in
essence that for almost any linear control system X it is possible to obtain
arbitrary eigenvalues for the matrix A+ BK (and hence arbitrary asymptotic
behaviour) using suitable feedback laws (matrices) K, subject only to the ob-
vious constraint that complex eigenvalues must appear in pairs. “Almost any”

means that this will be true for (completely) controllable systems.

NOTE : This theorem is most often referred to as the Pole-Shifting Theorem, a
terminology that is due to the fact that the eigenvalues of A+ BK are also the poles
of the (complex) function

1
“7 Qet (21, — A~ BK)

This function appears often in classical control design.
The POLE-SHIFTING THEOREM is central to linear control systems theory and is
itself the starting point for more interesting analysis. Once we know that arbitrary

sets of eigenvalues can be assigned, it becomes of interest to compare the performance
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of different such sets. Also, one may ask what happens when certain entries of K are

restricted to vanish, which corresponds to constraints on what can be implemented.

3.3.1 THEOREM.  Let A = {01,04,...,0,,} be an arbitrary set of m com-
plex numbers (appearing in conjugate pairs). If the linear control system %

is c.c., then there exists a matric K € RY™™ such that the eigenvalues of
A+ BK are the set A.

PROOF (when ¢ =1): Since & = Ax + Bu(t) is c.c., it follows that there
exists a (linear) transformation w = Tz such that the given system is trans-
formed into

w = Cw + du(t)

where
[ 1 0 0| [0 ]
0
C= , d=
0 0 0o ... 1 0
—ky, —km—1 —km—2o ... —K1 1

The feedback control u = kw, where

k.= [ Em Em_1 El ]
produces the closed loop matrix C'+ dk, which has the same companion form
as C' but with last row — [ Ym Ym—-1 M }, where
] k,=ki—v, i=12,...,m. \ (3.10)
Since

C+dk=T(A+bET)T!

it follows that the desired matrix is

K =kT
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the entries k; (i =1,2,...,m) being given by (3.10).
In this equation k; (i =1,2,...,m) are the coefficients in the character-

istic polynomial of A ; that is,
det Ay — A) = X"+ BN oo bk
and v; (1 =1,2,...,m) are obtained by equating coefficients of A\ in

ANy Ay = (A= 0N —=60) - (X — Oy).

NOTE : The solution of (the closed loop system)
&t =(A+ BK)x

depends on the eigenvalues of A + BK, so provided the control system ¥ is c.c.,
the theorem tells us that using linear feedback it is possible to exert a considerable
influence on the time behaviour of the closed loop system by suitably choosing the

numbers 01,02, ...,0p,.

3.3.2 COROLLARY.  If the linear time-invariant control system

& = Az + Bu(t)

Yy =cT

Rmxl

1 c.o0., then there exists a matrix L € such that the eigenvalues of

A+ Lc are the set A.

This result can be deduced from THEOREM 3.3.1 using the DUALITY THE-

OREM.

3.3.3 ExaMPLE.  Consider the linear control system

1 -3
x—[4 ) u(t).

1
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The characteristic equation of A is

chargq(\) =X\ =3\ +14=0

which has roots M.

Suppose we wish the eigenvalues of the closed loop system to be —1 and

—2, so that the characteristic polynomial is

A2+ 3A+2.
We have
kk = ki—-m=-3-3=-6
ky = ko—mp=14-2=12
Hence

weir=gli o] | 0= 1]

It is easy to verify that

1
A+bK = -
* 4

does have the desired eigenvalues.

3.3.4 LEMMA.  If the linear control system % defined by
& = Az + Bu(t)

is c.c. and B = [bl by -+ be| with by # 0, i=1,2,...,¢, then there

R>*™ 5 =1,2,...,0 such that the systems

exist matrices K; €
i = (A+ BK;)x + byu(t)

are c.c.

Proor : For convenience consider the case 7 = 1. Since the matrix

C:[B AB A2B ... Am—lB]
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has full rank, it is possible to select from its columns at least one set of m
vectors which are linearly independent. Define an m X m matrix M by

choosing such a set as follows :
M = by Ab; ... Arl*lbl by Aby ... AT271b2

where r; is the smallest integer such that A"b; is linearly dependent on all
the preceding vectors, the process continuing until m columns of U are taken.

Define an ¢ x m matrix N having its rih column equal to es, the second
column of I, its (ry 4+ 72)"" column equal to es, its (r1 + 72 + r3)*" column
equal to e4 and so on, all its other columns being zero.

It is then not difficult to show that the desired matrix in the statement of
the Lemma is

Ki=NM1

Proof of THEOREM 3.3.1 when ¢ > 1 :

Let Kj be the matrix in the proof of LEMMA 3.3.4 and define an ¢/ x m
matrix K’ having as its first row some vector k, and all its other rows zero.
Then the control

u= (K + Kz

leads to the closed loop system
i=(A+ BKy)xz + BK'z = (A+ BKy)x + bikx

where by is the first column of B.
Since the system
T = (A + BK1)$ + bu

is c.c., it now follows from the proof of the theorem when ¢ = 1, that k& can
be chosen so that the eigenvalues of A + BKy + b1k are the set A, so the
desired feedback control is indeed u = (K + K')z. O
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If y = Cz is the output vector, then again by duality we can immediately

deduce

3.3.5 COROLLARY.  If the linear control system

& = Ax + Bu(t)

y=Cx

Ran

1 c.o0., then there exists a matriz L € such that the eigenvalues of

A+ LC are the set A.
Algorithm for constructing a feedback matrix

The following method gives a practical way of constructing the feedback

matrix K. Let all the eigenvalues A, Aa,..., A, of A be distinct and let
W= |w wy ... wm]
where w; is an eigenvector corresponding to the eigenvalue \;. With linear

feedback u = —Kux, suppose that the eigenvalues of A and A — BK are
ordered so that those of A — BK are to be

/’[’17/1/27"'7/1/7‘7)\T+1;---7Am (Tém)
Then provided the linear system 3 is c.c., a suitable matrix is
K= fgW

where W consists of the first r rows of W1, and

I B T T
g[ﬁl B2 @]

T

[T = )
=1 it r>1

T

R B ][Oy

Jj=1
J#i

)\1*#1 if r=1
T
B = %152.” @}::WBf
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f being any column /¢-vector such that all g; # 0.

3.3.6 ExaMPLE.  Consider the linear system

, 0 1
xTr =
-2 =3

We have

Suppose that
We have

and = WBf gives

Bl 2 1 2 f= 5f1
Ba -1 -1 ] |1 —3f1 |
Hence we can take f; = 1, which results in
_ |6 2
9= [ 503 } '
Finally, the desired feedback matrix is
_ 6 2 -1_| 26 8
e-nfs g)w-la 5]

3.3.7 ExaMPLE.  Consider now the linear control system

, 0 1] 2 1
= x+ u(t).
2 -3 | 10

We now obtain

[51 ] _ [ 551+ 2/
B2 | —3f1— [
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so that fi =1, fo=0 gives

26 8
15 15

K =
0 0

However f; =1, fo=—1 gives

b1 =3, P2=—2 so that 92[2 1]

and from K = fgW we now have

I IERS N |

3.4 Realization Theory

The realization problem may be viewed as “guessing the equations of motion
(i.e. state equations) of a control system from its input/output behaviour” or,
if one prefers, “setting up a physical model which explains the experimental
data”.

Consider the linear control system (with outputs) ¥ described by

& = Ax + Bu(t)
(3.11)
y=Cux
where A € R™*™ B € R™ and C € R™™,
Taking Laplace transforms of (3.11) and assuming zero initial conditions
gives

sT(s) = Ax(s) + Bu(s)

and after rearrangement

Z(s) = (sI, — A) "' Bu(s).



98 AM3.2 - Linear Control

The Laplace transform of the output is

y(s) = Cx(s)

and thus

where the n x ¢ matrix

G(s):=C (s, —A)'B (3.12)

is called the transfer function matrix since it relates the Laplace transform

of the output vector to that of the input vector.
Exercise 41 Evaluate (the Laplace transform of the exponential)
L[e™] (s):= /OOO e Ste dt
and then show that (for A € R™*™) :
L [exp(tA)] (s) = (sI — A)7".

Using relation

mflj + smeBl + 8m73B2 4+t B 1
Iy —A) L= tm m 3.13
(8T ) char 4(s) (3.13)

where the k; and B; are determined successively by

By =A+ ki1, BleBZ,1+kZIm, 1=2,3,....m—1

kl :—U‘(A), ki:—%tl‘(ABi_l); i:2,3,...,m
the expression (3.12) becomes

Gls) = s" Gy + 5" G+ -+ Gy H(s)
N X(s) X0
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where x(s) = chars(s) and Gy = [gl(]k)} eR™  k=0,1,2,...,m—1. The

n x ¢ matrix H(s) is called a polynomial matrix, since each of its entries
is itself a polynomial; that is,

(m—1)

m—1 (0) Y
]

hij =S gl-j (1)

+5m_29i] +-+yg

NOTE : The formulas above, used mainly for theoretical rather than computational

purposes, constitute Leverrier’s algorithm.

3.4.1 ExaMPLE.  Consider the electrically-heated oven described in section

1.3, and suppose that the values of the constants are such that the state

- R
x_[ 1_1] +H<t>.

Suppose that the output is provided by a thermocouple in the jacket measuring

equations are

the jacket (excess) temperature, i.e.

Yy = [1 O] z.
The expression (3.12) gives
G(S)Z{IO} 5+2 —2_[1]:;4—1
-1 s+1 0 5%+ 3s
using
(sl — A)~' = madj (sIy — A).
Realizations

In practice it often happens that the mathematical description of a (linear
time-invariant) control system — in terms of differential equations — is not
known, but G(s) can be determined from experimental measurements or other
considerations. It is then useful to find a system — in our usual state space

form — to which G(-) corresponds.
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In formal terms, given an n x ¢ matrix G(s), whose elements are rational
functions of s, we wish to find (constant) matrices A, B, C' having dimensions

m x m, m X £ and n x m, respectively, such that
G(s)=C(sl, —A)™'B
and the system equations will then be

& = Ax + Bu(t)

y = Cx.
The triple (A, B,C) is termed a realization of G(-) of order m, and is not,
of course, unique. Amongst all such realizations some will include matrices A
having least dimensions — these are called minimal realizations, since the

corresponding systems involve the smallest possible number of state variables.

NOTE : Since each element in

-1 adj (sl — A)
(sIm = A)™ = det (s, — A)

has the degree of the numerator less than that of the denominator, it follows that

lim C(sl,, — A)™'B=0

§— 00
and we shall assume that any given G(s) also has this property, G(-) then being

termed strictly proper.

3.4.2 EXAMPLE. Consider the scalar transfer function

2s+7
s2—5s5+6

It is easy to verify that one realization of g(-) is

oo

It is also easy to verify that a quite different triple is

3 2] b:H, c:[—ll 13].

g9(s) =

A=

A
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NOTE : Both these realizations are minimal, and there is in consequence a simple

relationship between them, as we shall see later.

Algebraic equivalence and realizations

It is now appropriate to return to the idea of algebraic equivalence of linear
control systems (defined in section 3.1), and discuss its implications for the

realization problem. The (linear) transformation
z = Px

produces a linear control system with matrices

A=PAP™', B=PB, C=CP " (3.14)

Exercise 42 Show that if (4, B, C) represents a c.c. (or c.o0.) linear control system,
then so does (4, B,C).

Exercise 43 Show that if two linear control systems are algebraically equivalent,

then their transfer function matrices are identical (i.e.

C(sly, — A)"'B = C(sl,, — A)~'B).
Characterization of minimal realizations

We can now state and prove the central result of this section, which links
together the three basic concepts of controllability, observability, and realiza-

tion.

3.4.3 THEOREM. A realization (A, B,C) of a given transfer function ma-
triz G(-) is minimal if and only if the pair (A, B) is c.c. and the pair (A,C)

1S c.o.
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PrROOF : (<) Sufficiency. Let C and O be the controllability and ob-

servability matrices, respectively; that is,

C
cA
C=C(A,B)=[B AB A2B ... A™'B] and O=0(4,C)=| CA*

cAm

We wish to show that if these both have rank m, then (the realization of)
G(-) has least order m. Suppose that there exists a realization (A, B,C) of
G(-) with A having order 7. Since

C(sly — A)'B=C(sl,, — A 'B

it follows that

Cexp(tA)B = Cexp(tA)B

which implies that

CA'B=CA'B, i=0,1,2,....
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Consider the product

C
CA
oc = , [B AB ... A"*lB]
_CAmil_
[ oB CAB ... CcAm™'p]
CAB CA’B ... CA™B
_CAm—lB CA™B ... CAQm_QB_
o
CA o o
= , [B AB ... Am—lB]
52771—1

= OC.
Exercise 44 Given A € R®*™ and B € R™*", show that if rank (4) = rank (B) =

m, then rank (AB) = m. [Hint : Use the results of Exercise 3.]

The matrix OC has rank m, so the matrix OC also has rank m. However,
the rank of OC cannot be greater than m. That is, m < m, so there can be

no realization of G(-) having order less than m.

(=) Necessity. We show that if the pair (A, B) is not completely control-

lable, then there exists a realization of G(-) having order less than m. The

corresponding part of the proof involving observability follows from duality.
Let the rank of C be m; < m and let wy,us,...,uy, be any set of my

linearly independent columns of C. Consider the (linear) transformation
z = Px
with the m x m matrix P defined by

Pl=lu uy ... Umy Umipl ... Um (3.15)
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where the columns p,,41,...,Un are any vectors which make the matrix
P~ nonsingular. Since C has rank m; it follows that all its columns can be

expressed as a linear combination of the basis w1, ua, ..., un,. The matrix
AC=|AB A’B ... A™B

contains all but the first £ columns of C, so in particular it follows that the
vectors Au;, i =1,2,...,m1 can be expressed in terms of the same basis.
Multiplying both sides of (3.15) on the left by P shows that Pu; is equal to

the " column of I,,. Combining these facts together we obtain

A = PAP™!
= P {Aul cee Aty . Aum]
A A
T lo 4
where A; is mj; x my. Similarly, since wuy,ug,...,un,, also forms a basis for

the columns of B we have from (3.14) and (3.15)

By
0

B=PB=

where Bj is mjp x £. Writing
5 - CP_l - [Cl 02:|
we have (see Exercise 43 and also Exercise 60)

G(s) = C(sln,—A)"'B
-1

= C C 1
= |: C C :| | (SIml - Al)_l (SIml — Al)_lAZ(SImfml - Ag)_l
1 2 - 0 <SIm—m1 — Ag)fl

= Cl(SIml — Al)_lBl
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showing that (A, B1,C1) is a realization of G(-) having order m; < m. This
contradicts the assumption that (A, B,C) is minimal, hence the pair (A, B)

must be c.c. O

3.4.4 EXaAMPLE.  We apply the procedure introduced in the second part of
the proof of THEOREM 3.4.5 to split up the linear control system

4 3 5 2
g=]1 -2 -3 |z+| 1 |u® (3.16)
2 1 8 —1

into its controllable and uncontrollable parts, as displayed below :

(2)

where (1), z(2) have orders m; and m — my, respectively, and (A, By) is

A Az
0 As

By
0

()

+ u(t)

T(2)

C.C.

The controllability matrix for (3.16) is

9 6 18
[B AB A2Bl=1] 1 3 o9
1 -3 —9

which clearly has rank m; = 1. For the transformation * = Pz we follow
(3.15) and set

=N

10
Pl = 0 1
-1 0 0

where the column in (3.16) has been selected, and the remaining columns are

simply arbitrary choices to produce a nonsingular matrix. It is then easy to
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compute the inverse of the matrix above, and from (3.14)

3 -2 -1 4 A
A = PApt=|¢9 § 5 |=|"" 7
0 Az
0 3 -1
- By
0

Notice that the transformation matrix is nmot unique. However, all possible
matrices A will be similar to 3x3 matrix above. In particular, the eigenvalues

of the uncontrollable part are those of As, namely the roots of

A=8 =5
-3 A+1

0 =det (A — A3) = =X\ —7\—-23

and these roots cannot be altered by applying linear feedback to (3.16).

NOTE : For any given transfer function matrix G(-) there are an infinite number
of minimal realizations satisfying the conditions of THEOREM 3.4.3. However, one
can show that the relationship between any two minimal realizations is just that
of algebraic equivalence : If R = (A4, B,C) is a minimal realization of G(-), then
R = (Z, E, 6’) is also a minimal realization if and only if the following holds :

A=PAP™', BPB, C=cpP .
Algorithm for constructing a minimal realization

We do not have room to discuss the general problem of efficient construc-
tion of minimal realizations. We will give here one simple but nevertheless

useful result.

3.4.5 PROPOSITION.  Let the denominators of the elements g;;(s) of G(s) €

R™ ¢ have simple roots si,Sa, ..., sq. Define

K;:=lim(s—s)G(s), i=1,2,...,q

S—S;
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and let
ri:=rank (K;), i=1,2,...,q.

If L; and M; are n x r; and r; X £ matrices, respectively, each having rank

r; such that

then a minimal realization of G(-) is

51]7"1 O M1
5217» M2

A= : , B= . =L L Ly
i O sqITq_ _Mq_

(To verify that (A, B,C) is a realization of G(-) is straightforward. Indeed,

1
HIrl 0 My
C(sl,—A)™'B = [Ll Lq} :
1
0 S_Squq M,
o Db LM K K g
s — 8 $§—8; S$—81 §— 8¢

Since rank C(A, B) = rank O(A, C') = m, this realization is minimal.)

3.4.6 EXAMPLE. Consider the scalar transfer function

(s) 25+ 7
§) = —————-
g s2_5s5+6
We have
—2)(2
K o= hm S0
s—2 (s —2)(s—3)
—3)(2
Ky, = hmw:m, ro = 1.
(s—2)(s—3)
Taking

leKla M1:17 L2:K27 M2:1
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produces a minimal realization

z 2] b:“], c:[—n 13}.

b:[m1] and c:{—ﬁ Q}
Mo mi  mo

A=

However,

can be used instead, still giving a minimal realization for arbitrary nonzero

values of my and ms.

3.5 Exercises

Exercise 45 Verify that the control system described by
jj’l . 0 1 X T 0 0 U1 (t)
jig 0 0 Zo 1 -1 (%) (t)

Exercise 46 Given the control system described by

. -1 -1
€T =
2 4

find for what vector b the system is not c.c.

is c.c.

x + bu(t)

Exercise 47 For the (initialized) control system

. —4 2
Tr =
4 —6

apply a control in the form

u(t) = c1 + e

so as to bring the system to the origin at time ¢ = 1. Obtain, but do not solve, the

equations which determine the constants c¢; and cs.
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Exercise 48 TFor each of the following cases, determine for what values of the real

parameter o the control system is not c.c.

-1 1 -1
(1) &= 0 -1 a |z+ ]| 2 |u(t);
0 1 3

1 1

0 o®—a

(2 a-3
2) = “ ]x+
0 2

] u(t).

In part (2), if the first control variable uy(-) ceases to operate, for what additional

values (if any) of a the system is not c.c. under the remaining scalar control wua(-) 7

Exercise 49 Consider the control system defined by

BEESIHEHT

Such a system could be thought of as a simple representation of a vehicle suspension
system: in this interpretation, z; and =z are the displacements of the end points
of the platform from equilibrium. Verify that the system is c.c. If the ends of the

platform are each given an initial displacement of 10 units, find using
u*(t) = =BT ()@ (to, )W (to, t1)[xo — (to, t1)xs]
a control function which returns the system to equilibrium at ¢ = 1.

Exercise 50 Prove that U(to,t;) defined by

Ulto, t1) = /tl ®(to, 7)B(T)BT (1)@ (to, T)dT
to
satisfies the matrix differential equation
Ut.t1) = AU (t,t) + U(t. 1) AT () = B()BT (),  U(t1,t1) = 0.
Exercise 51 In the preceding exercise let A and B be time-invariant, and put
W{(t,t1) = U(t,t1) — Uy
where the constant matrix Uj satisfies

AU, + UyAT = BBT.
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Write down the solution of the resulting differential equation for W using the result

in Exercise 32 and hence show that

Ul(t,t1) = Uy — exp ((t — t1)A) Ugexp ((t — tl)AT) .

Exercise 52 Consider again the rabbit-fox environment problem described in sec-
tion 1.3 (see also, Exercise 29). If it is possible to count only the total number of

animals, can the individual numbers of rabbits and foxes be determined ?

Exercise 53 For the system (with outputs)

-1 -1 [1 2}
x, = T
2 —4 Y

find z(0) if y(t) = —20e73" + 21e~2".

Exercise 54 Show that the control system described by

T] =x2, Xo=—2x1—3x2+u, Y=o+
is not c.o. Determine initial states x(0) such that if u(t) = 0 for ¢ > 0, then the
output y(t) is identically zero for ¢ > 0.

Exercise 55 Prove that V(tg,t1) defined by

V(to, t1) :/1 (DT(T,to)CT(T)C(T)(I)(T,tO)dT

satisfies the matrix differential equation

V(t,t1) = —AT OV (t,t1) — V(t,t1)A(t) = CT)C(t), V(t1,t1) =0.
Exercise 56 Consider the time-invariant control system

) -1 -1 1
x:l ) _4]37—&—[3]11@).

Find a 1 x 2 matrix K such that the closed loop system has eigenvalues —4 and
—9.
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Exercise 57 For the time-invariant control system

1 0 -1
=112 1 |z+]| 0 |ul)
2 2 3

find a suitable matrix K so as to make the closed loop eigenvalues —1, —1 £ 2.

Exercise 58 Given the time-invariant control system

& = Az + Bu(t)
where
0 1 0 1 0
A=10 0o 1/, B=]01
6 —11 6 1 1

find a suitable matrix K which makes the eigenvalues of A — BK equal to 1,1, 3.

Exercise 59 Determine whether the system described by

-1 0 1
T = 0 -3 0 |x+| 1 |u®)
1 0 -3 -1

is c.c. Show that under (linear) feedback of the form u = ax; + Bxs, the closed
loop system has two fixed eigenvalues, one of which is equal to —3. Determine the
second fixed eigenvalue, and also values of a and [ such that the third closed loop

eigenvalue is equal to —4.

A

Exercise 60 Show that if X = is a block matrix with A and C' invert-

ible, then X is invertible and

A=t —AtBC!
0 c!

Exercise 61 Use PROPOSITION 3.4.5 to obtain a minimal realization of

_ 1 (s? +6) (s2+5+4)
Gls) = g(s) [ (252 —7s—2) (s2—5s—2)

where g(s) =53 +2s% — s — 2.
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Exercise 62 Show that the order of a minimal realization of

1
s24+3s+2

(s+2) 2(s+2)

Gle) = -1 (s+1)

is three. (Notice the fallacy of assuming that the order is equal to the degree of the

common denominator.)

Exercise 63 If (A;, B1,C1) and (As, By, Cs) are realizations of G1(-) and Ga(-),

respectively, show that

A1 31C2
0 Ay

0
By

A= . B= o=l o]

is a realization of G1(-)Ga(-), assuming that this product exists.

Exercise 64 Verify that algebraic equivalence
A=PAP™'Y, B=PB, C=CP!

can be written as the transformation

B sfnfg B
-C 0

P 0 sl, —-A B
0 I, -C 0

Pt 0
0 I,

Exercise 65 Determine values of by, bs,c; and co such that

(2] (2] 1)
(221 1] e o)

are realizations of the transfer function

s+ 4

9(s) = 215516

Determine a matrix P such that the algebraic equivalence relationship holds between

the two realizations.



