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3. EUCLIDEAN SPACES

Inner product and norm e  Open and closed sets o  Continuity e  Differen-

tiation.

3.1. Inner product and norm. Let R be the set of real numbers and let R™ (m > 1)
denote the Cartesian product of m copies of R. The elements of R™ are ordered m-

tuples of real numbers. Thus
R™:={x = (21,...,2m) : x; € R}.
An element of R™ is often called a point. Under the usual operations
4y =(T1+y,. Tm+Yn) and Az:= (Axy,...,A\T,) (x,y € R™, X € R)
R™ is a vector space over R. Hence the elements of R can also be referred to as vectors.

NOTE : The set R™ may be equipped with various natural structures (e.g., group structure,
vector space structure, topological structure, etc.) thus yielding various spaces, each such space
having the same underlying set R™. We must usually decide from the context which structure

is intended.

Many geometric concepts require an extra structure on R™ that we now define.

DEFINITION 42. The Euclidean space R™ is the above mentioned vector space R™
together with the standard inner product (or dot product)

Ty =1y + + TimYm (x,y € R™).

We say that x,y € R™ are orthogonal if z ey = 0. The most important properties

of the standard inner product are the following.

ProrosITiON 19. If z,y,z are vectors in R™ and A\ € R, then

(IP1) zey=yex (symmetry).
(IP2) Az +y)ez=Arez+yez (linearity ).
(IP3) xex>0,and zex =0 ifand only if z =0 (positive definiteness).

Proof. Straightforward computation. O

DEFINITION 43. The Euclidean norm ||z|| of z € R™ is defined as

||| := Va ox.
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If m =1, then ||z|| is the usual absolute value |x| of z. The relationship between the

norm and the vector structure of R™ is very important.

¢ Exercise 32. Show that if z,y € R™ and )\ € R, then

(a) ||z|]| >0, and ||z|| =0 if and only if x =0 (positivity).
(b

) IAz| = |Al]|=]]  (homogeneity).
(c) zoy =1 (lz+yl*—llz—yl*) (polarization identity).
)

(d) |lz £yl* = ||z||*> + ||ly||* if and only if ey =0 (Pythagorean property).
THEOREM 20. (CAUCHY-SCHWARZ INEQUALITY) If z,y € R™, then

|z ey < [zl [yl
Equality holds if and only if x and y are linearly dependent.

Proof. It © and y are linearly dependent, equality clearly holds. Why 7 If not, then
A —y #0 forall AeR, so

0< |z —yll* = Qi —y)*+- + (Azm — ym)’
= (a]+ +22)N =2my + A TYm) A YT Y

Therefore the right hand side is a quadratic equation in A with no real solution, and its

discriminant must be negative. Thus
Ay + o+ Tyn) — 4 (2d o+ 22) (P +yh) <0
(woy)” < 2l lyll
which implies |z e y| < ||z|| ||y]]- O

The CAUCHY-SCHWARZ INEQUALITY serves in proving several other inequalities (this
is PROBLEM 11).

DEFINITION 44. The standard basis for R™ consists of the vectors
ej:(51j,...,(5mj), jzl,m
where 9;; equals 1 if ¢ =7 and equals 0 if ¢ # j.

Thus we write
r=x161 4+ Tmem (x € R™).

With respect to the standard inner product on R™, the standard basis is orthonormal,
ie., e;ee; =0;; for i,j =1,m. (Thus |le;|| =1, while e; and e; for distinct ¢ and j

are orthogonal vectors.)
DEFINITION 45. For x,y € R™ we define the Euclidean distance d(z,y) by

d(z,y) = |lz = yl|
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From Exercise 32 and PROBLEM 11 we immediately obtain (for z,y,z € R™)
(M1)  d(z,y) >0, and d(x,y) =0 if and only if = =y.

(M2)  d(x,y) = d(y, ).
(M3)  d(z,z) <d(z,y) +d(y, 2).

NOTE : (1) More generally, a metric space is defined as a set M equipped with a distance
between its elements satisfying the properties (M1) — (M3). So the Euclidean space R™ is a
metric space. The notation d(z,y) = ||z — y|| is frequently useful even when we are dealing
with the Euclidean space R™ as a metric space and not using its vector space structure. In
particular, ||z| = d(z,0).

(2) An abstract concept of Euclidean space (i.e., a space satisfying the azioms of Euclidean
geometry) can be introduced. It is defined as a structure (M, E, ®), consisting of a (non-empty)
set M, an associated standard vector space E (which is a real Euclidean vector space, i.e., a real
vector space equipped with a scalar product (|-) : E x E — R), and a structure map

d:MxM=E, (2,y)— Ty

such that

(ES1) Ty +yz =zz for every z,y,z € M;

(ES2) for every o € M and every v € E, there is a unique x € M such that 0T = .
Elements of M are called points, whereas elements of E are called vectors. (07> is the position
vector of x with the initial point o.) The dimension of the space M is the dimension of the
vector space E. It turns out that

(i) if we fix an arbitrary point o € M, there is a one-to-one correspondence between (the
space) M and (the associated vector space) E (the mapping x — oz’ is a bijection);

(i) in addition, if we fix an arbitrary (ordered) orthonormal basis (e1,es,...,e,) of E, the
(inner product) spaces E and R™ are isomorphic. In other words, the scalar product on E “is”
the dot product: for v,w € E,

(vlw) = (vier+ -+ vmem|wier + -+ wWmen )

= Vw1 + - F UnWe,-

In this sense, we identify the abstract m-dimensional Euclidean space M with the (concrete)

Euclidean space R™.

We conclude this section with some important remarks (about notation). The element
(vector) (0,...,0) € R™ will usually be denoted simply 0.

If 7:R™ — R™ is a linear transformation, the matrix of 7 with respect to the standard
basis of R™ is the m x m matrix T' = [t;;], where T(e;) = >_1", t;;e; (the coefficients of
T(e;) appear in the 5 column of the matrix). If the linear transformation o : R™ — R™
has the matrix S, then (the composite) transformation o7 has the matrix ST (matrix
multiplication).
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3.2. Open and closed sets. The analog in R™ of an open interval in R is introduced

in the following

DEFINITION 46. For p € R™ and 6 > 0, we denote the open ball of center p and
radius § by

B(p,d) :={x e R™ : ||z —p| <d}.

A point p in a set A C R™ is said to be an interior point of A if there exists d > 0
such that B (p,d) C A. The set of interior points of A is called the interior of A and is
denoted by int (A). Note that int (A) C A.

DEFINITION 47. A set A C R™ is said to be open (in R™) if A = int(A) (i.e., if
every point of A is an interior point of A).

Note that the empty set () satisfies every definition involving conditions on its elements,
therefore () is open. Furthermore, the whole space R™ is open.

PROPOSITION 21. The set B(p,d) is open in R™, for every p € R™ and 6 > 0.

Proof. For arbitrary ¢ € B (p,d) set 5= |¢—pl| , then § — 3 > 0. Hence B(q,6 — 5) C
B (p,d), because for every x € B(q,d — f3)

[z =pll <l =gl +llg —pll < (6= B) + B =0
0J

PROPOSITION 22. For any A C R™, the interior int (A) is the largest open set con-
tained in A.

Proof. First, we show that int (A) is open. If p € int(A), there is § > 0 such that
B(p,d) C A. As in the proof of PROPOSITION 21, we find for any ¢ € B(p,d) a 5 >0
such that B(q,5) C A. But this implies B (p,d) C int (A), and hence int (A) is an open
set.

Furthermore, if U C A is open, it is clear by definition that U C int (A), thus int (A)
is the largest open set contained in A. O

¢ Exercise 33. Show that

(a) the union of any collection of open subsets of R™ is again open in R";
(b) the intersection of finitely many open subsets of R™ is open in R™.

Let ) # A C R™. An open neighborhood of A is an open set containing A, and a
neighborhood of A is any set containing an open neighborhood of A. A neighborhood
of a set {p} is also called a neighborhood of the point p € R™. (Note that p € A C R™
is an interior point of A if and only if A is a neighborhood of p.)
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DEFINITION 48. A set F is said to be closed if its complement F¢:=R™\F is open.
The empty set is closed, and so is the entire space R™.

PROPOSITION 23. For every p € R™ and 6 > 0, the set B(p,0) = {v € R™ :
|z — p|| < 6} is closed. (B (p,d) is the closed ball of center p and radius §.)

Proof. For arbitrary ¢ € B(p,6)¢ set 3 = |[p—ql|, then 3 —§ > 0. So B(¢q,8—6) C

B (p,0)¢, because by the reverse triangle inequality (this is PROBLEM 11), for every
reB (Qa 6 - 6)

lp =zl = llp—aqll = llz —qll > 8- (6-06) =0
This proves that B (p,§)¢ is open. O

DEFINITION 49. A point p € R™ is said to be a cluster point of a set A C R™ if
for every § > 0 we have B (p,0) N A = (). The set of cluster points of A is called the
closure of A and is denoted by cl (A).

PROPOSITION 24. Let A C R™. Then cl(A)® = int (A°); in particular, the closure of
A is a closed set. Moreover, int (A)¢ = cl (A°).

Proof. Note that A C cl(A). To say that = is not a cluster point of A means that it is
an interior point of A°. Thus cl (A)¢ = int (A°), or cl(A) = int (A°)¢, which implies that
cl(A) is closed in R™.

Furthermore, by applying this identity to A® we obtain that int (A)° = cl (A°). O

By taking complements of sets we immediately obtain the following result.

PROPOSITION 25. For any A C R™, the closure cl(A) is the smallest closed set

containing A.

From set theory we recall DE MORGAN’S LAWS, which state, for arbitrary collections
(A);e; of sets A; € R™, that

(UAZ)C:ﬂAf and (ﬂA,.>c=UAg.

iel iel iel iel
In view of these laws and Exercise 33 we find, by taking complements of sets,

PROPOSITION 26.

(a) The intersection of any collection of closed subsets of R™ is again closed in
R™.
(b) The union of finitely many closed subsets of R™ is closed in R™.
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3.3. Continuity. Let U C R™ be an open set. A mapping F': U — R" is continuous
at p € U if given € > 0, there exists a § > 0 such that

F (B(p,9)) € B(F(p),e).

In other words, F' is continuous at p if points arbitrarily close to F(p) are images of
points sufficiently close to p. We say that F' is continuous provided it is continuous at
each p € U.

NOTE : Equivalently, F' is continuous at p € U if for every € > 0 there exists 0 > 0 such
that ||F(z) — F(p)| <e for ||z —p|| <. This simply means that lim, ., F(z) = F(p).

A mapping F : U C R™ — R” determines n R-valued functions (of m variables) as
follows. Let o = (z1,...,2,) € U and F(z) = (y1,...,y,). Then we can write

y1 = Fi(zy, .. ), Yo =Fo(xy, .. &), ooy Yn=Fu(z1,...,20).

The functions F; : U — R, i = 1,n are the component functions of F. The continuity
of the mapping F' is equivalent to the continuity of its component functions.

¢ Exercise 34. Prove that a mapping F': U C R™ — R"™ is continuous if and only if
each component function F; : U C R™ — R is continuous.

The following results are standard (and easy to prove).

ProprosITION 27. Let F,G : U CR™ — R™ be continuous mappings and let \ € R.
Then F + G, A\F, and F e G are each continuous. If n =1 and G(x) # 0 for all x € U,

then the quotient g is also continuous.

PROPOSITION 28. Let F: U C Rf — R™ and G : V C R™ — R" be continuous
mappings, where U and V are open sets such that F(U) C V. Then GoF' is a continuous

mapping.
¢ Exercise 35. Show that the following mappings are continuous.

(a) The identity mapping 1gm : R™ — R™, x> .
(b) The norm function v:R™ — R, z~— |x].
(c) The i*" natural projection pr; : R™ =R, x> x;.

Hence derive that every polynomial function (in several variables)

k
pr R =R, = (21,...,2,) — Z Qiy iy Y - T

m
150 yim=0

i1+ +im, <k

is continuous.
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NOTE : More generally, every rational function (i.e., a quotient of two polynomial functions)
is continuous. It can be shown that elementary functions like exp, log, sin, and cos are also

continuous.

Linear mappings L : R™ — R" play an important role in differentiation. Such map-

pings are continuous.

¢ Exercise 36. Show that every linear mapping L : R™ — R" is continuous.

In most applications it is convenient to express continuity in terms of neighborhoods
instead of open balls.

¢ Exercise 37. Prove that a mapping F': U C R"™ — R" is continuous at p € U if and
only if given a neighborhood N of F(p) in R™ there exists a neighborhood M of p in R™
such that F(M) C N.

It is often necessary to deal with mappings (functions) defined on arbitrary (i.e., not
necessarily open) sets. To extend the previous ideas to this situation, we shall proceed as
follows.

Let FF: ACR™ — R" be a mapping, where A is an arbitrary set. We say that F'
is continuous on A provided there exists an open set 4 C R™ containing A, and a
continuous mapping F : 4 — R" such that (the restriction) F‘ A = F. In other words,
F' is continuous on A if it is the restriction of a continuous mapping defined on an open

neighborhood of A.

NOTE : It is clear that if FF : A C R™ — R"™ is continuous and p € A, then given a
neighborhood N of F(p) in R", there exists a neighborhood M of p in R™ such that
F(MnNA) CN. For this reason, it is convenient to call the set M N A a neighborhood of p in
A.

ExXAMPLE 50. An important class of continuous mappings is formed by the mappings
F:ACR™ — R"” that are Lipschitz continuous, i.e., for which there exists £ > 0
such that

[F(z) = F)ll <kllz =yl (2,9 €A).

Such a number k£ is called a Lipschitz constant for F. For example, the norm function

v:x+— ||z] is a Lipschitz continuous on R™ with Lipschitz constant 1.

¢ Exercise 38. Consider a mapping F : A — R™, where A C R™ is an arbitrary set.
Show that the following statements are logically equivalent.

(a) F is continuous.
(b) F~1(0) is open in A for every open set O in R™. (In particular, if A is open in
R™ then: F~1(0) is open in R™ for every open set O in R™.)
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(c) F~1(F) is closed in A for every closed set F in R”. (In particular, if A is closed
in R™ then: F~!(F) is closed in R™ for every closed set F in R™.)

(A subset U C A is said to be open in A if there is an open set W such that U = AN W.
Likewise, a subset V issaid to be closed in A if there exists a closed set W such that V = AnW.)

DEFINITION 51. A set A C R™ is said to be disconnected if there exist open sets
U and V in R™ such that

ANU#D, AnNV#D (AnUNANV)=0, (AnU)U(ANV)=A.
(In other words, A is the union of two disjoint non-empty subsets that are open in A.)

The set A is said to be connected if A is not disconnected.

It is not difficult to prove that the only connected subsets of R are the intervals: open,
closed or half-open (these include the singletons and the set R itself). The following
result then follows (this is PROBLEM 14):

THEOREM 29 (INTERMEDIATE VALUE THEOREM). Let A C R™ be connected and
let F: A — R be a continuous function. Then F(A) is an interval in R; in particular,

F' takes all values between any two that it assumes.

DEFINITION 52. We say that a continuous mapping F : A C R™ — R™ is a home-
omorphism onto F(A) if F is one-to-one and the inverse F~': F(A) C R™ — R™ is
continuous. In this case A and F(A) are homeomorphic sets.

EXAMPLE 53. Let F:R? — R3 be given by
F(z1,x9,23) = (axq, bz, cx3), a,b,c € R\ {0}.
F' is clearly continuous, and the restriction of F' to the (unit) sphere
S* = {(z1,22,23) € R® : 2} + 23 + 23 = 1}

is a continuous mapping F : S2 — R3. Observe that F(S?) = E, where E is the ellipsoid

2 2 2
xXr €T x
E:{($1,x27x3)€R3 : a_;+b_22+c_§:1}'

It is also clear that F' is one-to-one and that
_ Ty T2 I3
F Yz, 29, 23) = (—,—,—)-
(w1, 72, 23) 2 b e
Thus F~! = F~1; is continuous. Therefore, Fisa homeomorphism of the sphere S?
onto the ellipsoid E.

NOTE : There is a class of infinite sets, called compact sets, that in certain limited aspects
behave very much like finite sets. A set K C R™ is said to be sequentially compact if
every sequence of elements in K contains a subsequence which converges to a point in K. (A
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sequence (xp)reny of elements xp € R™ is said to be convergent, with limit p € R™, if
limy o0 ||k — p|| = 0, which is a limit of numbers in R. Recall that this limit means: for
every € > 0, there exists N € N such that [z —p|| < e for £k > N. In this case we write
limg o0 2 = p.) It follows immediately that a subset of a sequentially compact set K C R™ is
sequentially compact if and only if it is closed in K.

Continuous mapping do not necessarily preserve closed sets; on the other hand, they do
preserve (sequentially) compact sets. (In this sense compact and finite sets behave similarly:
the image of a finite set under a mapping is a finite set too.) More precisely, if K C R™ is
a sequentially compact set and F : R™ — R™ is continuous, then F(K) C R™ is sequentially
compact. The following characterization is very useful: A set K C R™ 1is sequentially compact
if and only if it is bounded and closed. (A set A C R™ is bounded if there exists a number
k > 0 such that |z|| <k for all x € A; equivalently, if there exists a number k > 0 such that
A C B(0,k).)

There is an alternative, more general, definition of compactness for sets. A subset K C R™ is
said to be compact if every open covering of K contains a finite subcovering of K. (A collection
(0i);cr of open sets in R™ is said to be an open covering of a set K CR™ if K C J;c;0;.)

In spaces like R™ | however, the two definitions of compactness coincide; this is a consequence

of the following result.

(HEINE-BOREL THEOREM) A set K C R™ is compact if and only if it is bounded and closed.

3.4. Differentiation. Let U be an open subset of R™ and let p € U. A function
F :U — R is differentiable at p if there exists a linear functional L, : R™ — R such

that
()~ Fp) ~ Lyx — p)

=0
@ Iz = pll

or, equivalently, if there exist a linear functional L, : R™ — R and a function R(-,p),
defined on an open neighborhood V of p, such that

F(z) = F(p) + Ly(z —p) + lz — p| - R(z,p), €V

and
lim R(z,p) = 0.

T—p
Then L, is called a derivative (or differential) of F' at p. We say that F' is differen-
tiable provided it is differentiable at each p € U.

NOTE : We think of a derivative L, as a “linear” approzimation of F near p. By the
definition, the error involved in replacing F'(z) by F(p) + Lp(z — p) (this is an affine map)
is negligible compared to the distance from z to p, provided that this distance is sufficiently

small.

If L,(x)=bixy+ -+ byxy, is a derivative of ' at p, then

OF 1 .
= 5g, P) =l (Flp +te;) = F(p), =1,

bi

I
s
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In particular, if F' is differentiable at p, these partial derivatives exist and the derivative
L, is unique. We denote by DF(p) (or sometimes F'(p)) the derivative of F' at p, and
write (by a slight abuse of notation)

_OF OF OF

DF(p) a—%(p)(wl —p1) + a_xg@)(m? —p2)+-+ E(p)(xm — Pm)-

¢ Exercise 39. Show that any linear functional F' : R™ — R is differentiable and
DF(p) = F for all p e R™.

¢ Exercise 40. Prove that any differentiable function F': U C R™ — R is continuous.

NOTE : Mere existence of partial derivatives is not sufficient for differentiability (of the func-
tion F). For example, the function F :R? — R defined by
12

$2+2

F($1,$2) =
1T

and F(0,0)=0

OF

is not continuous at (0,0), yet both partial derivatives are defined there. However, if all par-
tial derivatives do;0

, = 1,m are defined and continuous in a neighborhood of p, then F is

differentiable at p.

If the function F': U C R™ — R has all partial derivatives continuous (on U) we say
that F' is continuously differentiable (or of class C') on U. We denote this class of
functions by C*'(U). (The class of continuous functions on U is denoted by C°(U).)

NOTE : We have seen that

oF
F € C*(U) = F is differentiable (on U) = all partial derivatives exist (on U)
T
but the converse implications may fail. Many results actually need F to be of class C' rather

than differentiable.

If » > 1, the class C"(U) of functions F : U C R™ — R that are r-fold continu-
ously differentiable (or C™ functions) is specified inductively by requiring that the partial
derivatives of F exist and belong to C™"'(U). If F is of class C" for all r, then we
say that F' is of class C*° or simply smooth. The class of smooth functions on U is
denoted by C*°(U).

NoTE : If F € C"(U), then (at any point of U) the value of the partial derivatives of order
k, 1 < k <r isindependent of the order of differentiation; that is, if (ji,...,Jx) is a permutation
of (i1,...,4), then
or  OFF
aCL'il N 8m2k N (9.%_7'1 e 6l'jk ‘

We are now interested in extending the notion of differentiability to mappings F : U C
R™ — R". We say that F' is differentiable at p € U if its component functions are
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differentiable at p; that is, by writing
F(zy,... xm) = (Fy(x1, s @m)s - oo Fo(T1, .y ))

the functions F; : U — R, i = 1,n have partial derivatives at p € U. F is differentiable
provided it is differentiable at each p € U. (For the case m = 1, we obtain the notion of
a differentiable parametrized curve in Euclidean space R™.)

The class C"(U,R"), 1 < r < oo of C"-mappings F : U C R™ — R" is defined
in the obvious way. We will be concerned primarily with smooth (i.e., of class C*)
mappings. Soif F' is a smooth mapping, then its component functions F; have continuous
partial derivatives of all orders and each such derivative is independent of the order of
differentiation.

NOTE : Let us define a (geometric) tangent vector at p € R™ as an ordered pair (p,v).
As a matter of notation, we will abbreviate (p,v) as v,. We think of v, as the vector v with
its initial point at p. (In other words, p + v is considered as the “position vector” of a point;
we shall always picture v, as the “arrow” from the point p to the point p + v.) Clearly, two
tangent vectors v, and w, are equal if v =w and p = ¢. (It is essential to recognize that v,
and v, are different tangent vectors if p # q.)

The set {p} x R™ of all tangent vectors at p is denoted by T, R™, and is called the tangent
space of R™ at p. Thus

T, R™ := {v, = (p,v) : p,v € R™}.

This set is a wvector space over R (obviously isomorphic to R™ itself) under the natural
operations: v, + wp := (v+ w), and Av, := (\v),. The tangent vectors (e;),, i = 1,m form
a basis for T, R™. (In fact, as a vector space, T, R™ is essentially the same as R itself; the
only reason we add 7T}, is so that the geometric tangent spaces T, R™ and T, R™ at distinct
points p and ¢ be disjoint sets.)

Let v, be a tangent vector in R™. One can associate with it the function (parametrized line)

R>t—p+tveR™

If F:R™ — R is a differentiable function, then ¢ +— F(p+tv) is an ordinary function R — R.
(The derivative of this function at ¢t = 0 tells the initial rate of change of F' as p moves in the

v direction.) The number

d
vp[F = %F(p + tv)
t=0

is called the directional derivative of F' with respect to v,. We have

vp[F]:vlgi(p)+-~+vmaaljn(p) (v="(v1,...,0m) € R™).
The map v,[-] : C®°(R™) — R, F — u,[F] is linear and satisfies the Leibniz rule (i.e.,
Up[FG) = vp[F]G(p) + F(p)vp|G] for F,G € C*°(R™)); such a mapping is called a derivation
at p. So any geometric tangent vector v, defines a derivation v,[-] at p. In fact, each derivation

at p is defined by a unique geometric tangent vector (at p). Moreover, for any p € R™, the
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correspondence v, — vp[] is an isomorphism from the tangent space T, R™ to the vector space
of all derivations on p. It is customary (and convenient) to denote the derivation (e;),[-] by

0 o) o)
977 p; thus, Txi‘p [F] = ai (p)-

Let T, R™ be the tangent space to R™ at p; this vector space can be identified with

R™ via

0
++vm_

. = (V1,0 U).

p

V1 5
8.%'1 P

Let o« : U C R — R™ be a smooth (parametrized) curve with component functions

ai, ..., ap,. The velocity vector (or tangent vector) to « at ¢ € U is the element

doy doyy,
¥(t) = ——(), -, ——(¢ Tow R™.
)= (D0, L) e

EXAMPLE 54. Given a point p € U C R™ and a tangent vector v € T, R™, we can
always find a smooth curve « : (—¢,6) — U with «(0) = p and &(0) = v. Simply
define «(t) = p+tv, t € (—g,e). By writing p = (p1,...,pm) and v = (vq,...,v,), the
component functions of a are «;(t) = p; +tv;, i = 1,m. Thus « is smooth, a(0) =p

and

(0) = (%(0),--- ,dg—tm(())) = (v1,...,0m) = V.

We shall now introduce the concept of derivative (or differential) of a differentiable
mapping. Let F : U C R™ — R" be a differentiable mapping. To each p € U we
associate a linear mapping

DF(p) : R™ = T,R™ — R" = Tj(,) R"

which is called the derivative (or differential) of I at p and is defined as follows. Let
v e T,R™ and let a : (—¢,¢) — U be a differentiable curve such that «(0) = p and
&(0) = v. By the chain rule (for functions), the curve = Foa: (—¢g,e) — R" is also
differentiable. Then

NOTE : The above definition of DF(p) does not depend on the choice of the curve which
passes through p with tangent vector v, and DF'(p) is, in fact, linear. So

d n n
DF(p)-v= aF(a(t)) € Tpp) R" =R™
t=0

The derivative DF(p) is also denoted by T), F' and called the tangent mapping of F at p.
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The matrix of the linear mapping DF(p) (relative to bases <8ix1’ ey B
P

T.R™ and | 2 2 f Tpy R™) is the Jacobi tri
p an <8y1 F(p)’ ) Byn F(p)) o F(p) ) 1s the Jacoblan matrix
6F1 8F1
OF  O(F,....F) o () .
(p - (p) F= : : eR
ox O(x1, ..., T) oF oF
635? (p) T agc; (p)

of F' at p. When m = n this is a square matrix and its determinant is then defined.
This determinant is called the Jacobian of F' at p and is denoted by Jg(p). Thus

OF oF

J =|— :=det —(p)-

r(p) = |5 (p)‘ et ——(»)

¢ Exercise 41. Let f:1— R and ¢g:J — R be differentiable functions, where | and
J are open intervals such that f(I) C J. Show that the function go f is differentiable and (for
tel)

(go /) (t) =g'(f(1) - f'(1).

The standard chain rule (for scalar-valued) functions extends to (vector-valued) map-
pings.
PROPOSITION 30 (GENERAL CHAIN RULE). Let F: U C R - R™ and G : V C

R™ — R™ be differentiable mappings, where U and V are open sets such that F(U) C V.
Then G o F' is a differentiable mapping and (for p € U)

D(G o F)(p) = DG(F(p)) o DF(p).
Proof. The fact that GoF' is differentiable is a consequence of the chain rule for functions.

Now, let v € T, R® be given and let us consider a (differentiable) curve « : (—¢,&) — U
with «(0) =p and &(0) =wv. Set DF(p)-v =w and observe that

DG(F(p) - w = “(GoFoa)
Then
DGoF)p)-v = (GoFoa) .

= DG(F(p) w
= DG(F(p))o DF(p) - v.

NOTE : In terms of Jacobian matrices, the general chain rule can be written

A2 D ) = S r ) G o)
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Thus if H =GoF and y = F(z), then

oG, ... 8Gi] [oRm ... oR
OH B 87‘41 ay.m 8:?1 85‘05
0Gn . 0Gn| |0Fm . 0Fm
3y1 8ym 611 8@
0G 0G oF OF,
where —1,..., " are evaluated at y = F(x) and —1,~-- , —2 at x. Writing this out,
oy OYm o1 oxy
we obtain
O0H;  0G; Oy 0G; Oym .
= 2= 4. -~ (i=1,n;j=11)
Ox; Oy1 Ox; OYm Oz

¢ Exercise 42. Let

F(x1,22) = (2] — 23 + m122,23 — 1) and  G(y1,y2) = (y1 + ¥2, 21, %3).

(a) Show that F' and G are differentiable, and that G o F' exists.
(b) Compute D(G o F)(1,1)

(i) directly

(ii) using the chain rule.

NOTE : The precise sense in which the derivative DF(p) of the (differentiable) mapping F'
at p is an (affine) approximation of F' near p is given by the following result (in which DF(p)
is interpreted as a linear mapping from R™ to R") : If the mapping F : U C R™ — R" s
differentiable, then for each p € U,
F(z)— F(p) — DF(p) - (x —
(@)~ Fp) = DF() - (2 = )|

=0
=P [ —

or, equivalently, there exists a (local) map €, : R™ — R™ satisfying, for all h with p+h € U,
_ o e
(5) F(p+h)=F(p)+ DF(p)-h+e€,(h) with lim =
h—0 || h]|
The mapping R™ — R",  z+ F(p)+ DF(p)- (z —p) is the best affine approximation to F

at p. (It is the unique affine approximation for which the difference mapping ¢, satisfies the
estimate (5).)

If ACR™ isan arbitrary set, then C*°(A) denotes the set of all functions F': A - R

such that F = F| A Where F :U — R is a smooth function on some open neighborhood
U of A.

PROBLEMS (11-15)

(11) Let z,y € R™. Prove the following inequalities.
(a) [lz+yll < flzll + llyll ~ (triangle inequality).
() ||zl = lyll | < |lx —y|  (reverse triangle inequality).
() Jail < llzll < || + -+ + fam| < Vmlzll, i=T1,m.
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(12) Let 7: R™ — R™ be a linear transformation, and let A € R™*™ denote its matrix
with respect to the standard basis of R™. Show that the following statements are
logically equivalent.

(a) [|[7(x)|| = [|z]| for all z € R™.

(b) 7(x) e 7(y) =x ey for all z,y € R™.

(c) ATA=1 (i.e., the matrix A is orthogonal).

(Such a linear transformation is called an orthogonal transformation.) Hence

1

deduce that such a linear transformation 7 is invertible. Is 7% of the same sort?

(13) Let F be a subset of R™. Show that the following statements are logically equiv-

alent.
(a) F is closed.
(b) F=cl(F).

(c) For every sequence (xy)gen of points x; € R™ that is convergent to a limit,
say p, we have p € F.

(14) Let A C R™ be an arbitrary set.
(a) Show that the following statements are logically equivalent.
(i) A is disconnected.
(ii) There exists a surjective continuous function A — {0, 1}.
(Recall the definition of the characteristic function ya ofaset A: xa(z) =
1if v €A and xa(z) =0 if = ¢ A.)
(b) Assume that A is connected and let F': A — R" be a continuous mapping.
Show that F'(A) is connected in R™.
(c) Let A be connected and let F': A — R be a continuous function. Show that
F(A) is an interval in R; in particular, F' takes all the values between any

two that it assumes.

(15) Show that
(i) if 0 : R?* - R is defined by o(z,y) =z + vy, then Do(a,b) = o.
(ii) if 7 : R* — R is defined by n(z,y) = z -y, then Dn(a,b) - (x,y) =
bx + ay.
Hence deduce that if the functions F,G : U C R™ — R are differentiable at
p € U, then

D(F +G)(p) = DF(p)+ DG(p)
D(F-G)(p) = G(p)DF(p)+ F(p)DG(p).
If moreover G(p) # 0, then

D (E) (») = G(p)DF(p) — F(p)DG(p)

p)
(G(p))?

G






